We propose a new vector potential for the Abelian magnetic monopole. The potential is nonsingular in the entire region around the monopole. We argue how the Dirac quantization condition can be derived for any choice of potential. * rkg 1978@yahoo.com † pbpal@theory.saha.ernet.in
Magnetic monopoles have not been found experimentally, but there are strong theoretical reasons to believe that they exist. Dirac [1] showed that if a magnetic monopole exists, its magnetic charge g obeys the relation qg = n/2 (1) in natural units, where q is the charge of any particle and n is an integer. This implies quantization of electric charges. The magnetic field of a monopole is given by
where r is the radial distance from the monopole andr is the unit vector in the radial direction. Thus, the integral of the magnetic flux on a closed surface containing the monopole does not vanish:
Accordingly, one cannot define a vector potential globally by the relation
since that would imply vanishing of the divergence of B, and consequently of the surface integral on the left side of Eq. (3). It may not be a problem classically, where one could work entirely in terms of the electric and magnetic fields. But in quantum theory, A plays a fundamental role, and so it must be defined. Dirac [1] circumvented this problem by hypothesizing a thin string which carries all the flux and definining the divergence-free A everywhere else. This Dirac string must be unphysical and therefore undetectable. This leads to the Dirac quantization formula [1, 2, 3, 4] of Eq. (1). Much later, Wu and Yang [5, 6] showed that the Dirac string can be totally avoided in a formulation where one uses two different patches for the vector potential for the space around a monopole:
for any arbitrary ǫ in the range 0 < ǫ < 1 2 π. Notice each patch has a singularity if we try to extend them over the entire region around the monopole as Dirac did, but is regular in its restricted domain of definition shown above. In the overlap region 1 2 π − ǫ ≤ θ ≤ 1 2 π + ǫ, the two patches are related by a gauge transformation:
where the superscripted plus and minus sign denotes the patch which covers the upper and lower hemisphere respectively. On wave functions (for quantum mechanics) or on other fields (for quantum field theory) in the theory, there will be a corresponding transformation of the form exp(2iφqg). Demanding that this is single valued everywhere, Wu and Yang [5] obtained the Dirac quantization condition, Eq. (1).
In the same paper [5] , Wu and Yang argued that it is impossible to define a singularity-free potential for the space around the monopole. Their argument starts with the assumption that such a potential exists. The loop integral dx · A around any closed curve must then give the magnetic flux through the surface enclosed. If we keep r and θ constant and traverse a loop in the φ-direction, the magnetic flux through such a polar cap would be given by
This gives Φ(r, π) = 4πg. Wu and Yang comment that this is a contradiction, since at θ = π the curve has shrunk to a point and therefore the flux through it must be zero. This proves, reductio ad absurdum, that a non-singular potential cannot exist, according to Wu and Yang [5] .
In fact, there is no contradiction here. Any closed curve on the surface of a sphere is the boundary of two regions. For example, the equator can be thought of as the boundary of the northern hemisphere or of the southern hemisphere. Likewise, the closed "curve" at θ = π is the boundary of either a region of zero area, or of the entire remaining area. Eq. (7) gives the flux through the region bounded by the curve which contains the point θ = 0. This is the surface of the entire sphere, so it is no wonder that the flux through that would come out to be 4πg.
There is therefore no argument to show that one cannot define a non-singular potential for a monopole. And in fact, non-singular potentials exist. Here we propose such a potential:
It is trivial to check that the curl of this potential gives the magnetic field of Eq. (2) . It is also quite obvious that, apart from the essential singularity at r = 0, there is no other singularity of this potential. Our potential is very simply related to the Wu-Yang patches through gauge transformation:
Thus, the two potentials should have identical physical implications, including the quantization condition. However, we should be able to derive the quantization condition without making any reference to the Wu-Yang potential, which is what we argue below.
To begin with, we make an important point about the Wu-Yang derivation of the quantization condition, which we have outlined above. The proof relies on the gauge transformation connecting the different patches. However, it should be realized that such "sewing conditions for patches" cannot guarantee the correct result. To illustrate the point, let us suppose that, instead of the two patches of Eq. (5) used by Wu and Yang, we take three different patches defined by
In this case, the sewing condition between the two patches in the region 1 4 π < θ < 1 2 π will not give the Dirac quantization condition. In fact, it will give a value of qg twice as large. If we make a larger number of smaller patches, we will move further away from Eq. (1). A proper derivation of the quantization condition must somehow take into account the global properties of the space around the monopole, not any local condition.
This can be done, and the quantization condition derived, without making any reference to any specific form of the potential. All one needs is the property, emphasized by Wu and Yang [5] , that a complete and unsuperfluous description of electromagnetism is provided by the phase factors
around all possible closed loops. For a purely magnetic field, A 0 = 0, so the integral in the exponent becomes the line integral of the vector potential around a closed loop. For the space around the monopole, consider such a closed loop. To be specific, one can consider a loop on a sphere of radius r, although this restriction is not essential. No matter which vector potential we use, the line integral around a loop C will equal the flux of magnetic field through a surface S whose boundary is C.
It is not clear though what we mean by the surface S. As pointed out earlier, any loop on a sphere is the boundary of two complementary surfaces. If the outward flux through one of these surfaces is Φ, the outward flux through the other must be 4πg − Φ. The direction in which the line integral on C is taken determines the direction in which we have to consider the normal to the surface S. If the direction of the line integral is such that on the first surface the normals are outward, they will be inward for the second surface. To apply Stokes' theorem, we must then use the inward flux for the second surface, which is Φ − 4πg. Thus, Wu and Yang's phase factor is given by two expressions, which must give the same result:
This implies e 4πiqg = 1 ,
which gives the Dirac quantization condition. As indicated earlier, this makes no reference to the specific form of the vector potential, and in particular applies to our potential as well.
